Abstract. We prove the "local ε-isomorphism" conjecture of Fukaya and Kato [FK06] for certain crystalline families of G Qp -representations. This conjecture can be regarded as a local analogue of the Iwasawa main conjecture for families. Our work extends earlier work of Kato for rank-1 modules (cf. LVZ13] ) for crystalline G Qprepresentations with respect to abelian p-adic Lie extensions of Qp. Nakamura [Nak13, Nak14] has also formulated a version of Kato's ε-conjecture for affinoid families of (ϕ, Γ)-modules over the Robba ring, and proved his conjecture in the rank-1 case. He used this case to construct an ε-isomorphism for families of trianguline (ϕ, Γ)-modules, depending on a fixed triangulation. Our results imply that this ε-isomorphism is independent of the chosen triangulation for certain crystalline families. The main ingredient of our proof consists of the construction of families of Wach modules generalizing work of Wach and Berger [Ber04] and following Kisin's approach to the construction of potentially semi-stable deformation rings [Kisa].
such that the specializations ε ΛR(G),ξ (M )⊗ R O L with respect to any Z p -algebra homomorphism R → O L into the ring of integers O L of a finite extension L of Q p agree with the ε-isomorphisms ε ΛO L (G),ξ (M ⊗ R O L ) established in [LVZ13] . In particular ε ΛR(G),ξ (M ) satisfies the above mentioned compatibility with the standard trivializations for corresponding specializations (see Proposition 7.21). For further properties we refer the reader to section 7.4.
Here ξ = (ξ n ) n≥1 denotes a compatible system of p-power roots of unity generating Z p (1) as a Z pmodule, Λ R (G) is the Iwasawa algebra of G = G(K ∞ /Q p ) for K ∞ = K(µ(p)) with K any (possibly infinite) unramified extension K of Q p and RΓ Iw (K ∞ , M ) denotes the complex calculating local Iwasawa cohomology of M over K ∞ . Furthermore, for an associative ring A with one, Det A denotes the determinant functorà la Knudsen-Mumford (if A is commutative) orà la Deligne/Fukaya-Kato (even for non-commutative A) (see Appendix B); from a technical point of view we want to stress that we use the realisation via line bundles whenever it is possible in order to take advantage of (stronger) arguments and higher flexibility from commutative algebra. The Iwasawa algebra Λ R (G) is defined in (11). We are mainly interested in the case, where G ∼ = Z 2 p × ∆ for a finite group ∆. This specific instance of the local ε-isomorphism conjecture can be thought of as a "local Iwasawa main conjecture" for M over the extension Q ab p /Q p ; compare the discussion at the end of §2 in [Ven13] . The key ingredient in the construction of the local ε-isomorphism and the technical heart of this paper is the construction of Wach modules N(M ) for formal families of Galois representations M . The theory of (ϕ, Γ)-modules and several other aspects of p-adic Hodge theory had been generalized to formal and rigid-analytic families by work of Dee [Dee01] , Berger and Colmez [BC08] , Kedlaya and Liu [KL] , and Bellovin [Bel15] . In § 3, we give a theory of Wach modules for formal families of crystalline representations of G F , following Kisin's strategy for the construction of potentially semi-stable deformation rings [Kisb] .
We then compare Iwasawa cohomology to our Wach modules, extending the classical case. With this in hand, we can define ε-isomorphisms for families of crystalline representations of G Qp with coefficients in rings R which are complete, local, noetherian Z p -algebras which are Cohen-Macaulay, normal, and flat over Z p , with reduced generic fiber, and we show that the ε-isomorphisms we construct are compatible with base change and with the ε-isomorphisms constructed in [LVZ13] .
With this machinery at hand we can sharpen some work of Nakamura [Nak13] , who had given a different construction of ε-isomorphism even for not necessarilyétale, but trianguline (ϕ, Γ)-modules (in families) over the Robba ring, but in which the final integrality statement is missing and which a priori depends on the choice of a triangulation. For crystalline families our results implies the independence of such a choice (Corollary 9.1). See section 9 for a comparison with his result.
The advantage of providing ε-isomorphisms for families is as follows: First of all, Iwasawa main conjectures [SU14] or (Equivariant) Tamagawa Number Conjectures are nowadays often considered over (e.g. Hida-) families. Second, we hope that our work can be used to obtain results towards the construction of ε-isomorphisms attached to torsion representations: In previous work [LVZ13] by the second author together with David Loeffler and Sarah Zerbes we constructed an "ε-isomorphism" for crystalline p-adic Galois representations. Unfortunately, we were not able to address the following general question: let T, T ′ be two torsion-free Z p -representations of G Qp such that T ∼ = T ′ modulo p k for some k. Does it follow that the ε-isomorphisms for T and T ′ agree modulo p k ? In this paper, we give a partial answer and show that if T and T ′ both are crystalline with Hodge-Tate weights in [a, b] , then the desired congruence holds, if the framed deformation ring R
,[a,b] cris
is normal and Cohen-Macaulay. We do this by showing that the ε-isomorphisms for T and T ′ are both specializations of a "universal" isomorphism over R
; see section 8.
We expect that it is possible to extend our constructions to the setting of affinoid families of Galois representations, using techniques similar to those of [Wan15] . However, we have not done so here.
We quickly outline the content of the various sections: After recalling the basic rings of p-adic Hodge theory in section 2, we construct Wach modules N(M ) for formal families of Galois representations M in section 3; the main result is summarized in Theorem 3.31. In section 4 we relate (the base change N(M ) rig of) the Wach module N(M ) to the (ϕ, Γ)-module D † rig (M rig ) attached to the associated family M rig of Galois representations over the rigid analytic generic fiber R rig of R. In particular, we discuss the relation with D cris (M rig ), generalizing parts of [Ber04] to families. This permits us to define D cris (M ) without inverting p. In section 5 we explain how to express Iwasawa cohomomolgy of M in terms of N(M ), generalizing to families a variant of Fontaine's isomorphism due to Loeffler and Zerbes in [LZ11] ; see Propositions 5.1 and 5.6. Again following [LZ11] , we construct the regulator map attached to M in section 6 and we study its specializations in Theorem 6.1. Finally, in section 7 we put everything together in order to construct an isomorphism Θ -roughly speaking the determinant of the regulator map -first over the total ring of fractions and then over the Iwasawa algebra with p inverted. The isomorphism Θ relates the Iwasawa cohomology of M to D cris (M rig ). Using Theorem 7.10 which relates the determinants of D cris (M )[1/p] and M [1/p], we are able to define the ε-isomorphism (see Definition 7.12) over the Iwasawa algebra with p inverted. By a specialization argument we show its integrality in Theorem 7.13. Finally, we briefly discuss the application to deformation rings in section 8 before relating our ε-isomorphism to that of Nakamura in section 9.
are reduced commutative semi-local rings, and can be interpreted as algebras of functions on the p-adic analytic space parameterising characters of H.
We shall also need the notation K L (H), signifying the total ring of quotients of H L (H), which is a finite direct product of fields.
Let Q p,∞ = Q p (µ p ∞ ) and Γ = Gal(Q p,∞ /Q p ), and let χ cyc : G Qp ։ Γ → Z × p be the p-cyclotomic character. We write γ −1 for the unique element of Γ such that χ(γ −1 ) = −1.
If M denotes any G Qp -module over Z p and i is any integer, we write M (i) for the ith Tate twist of M.
By R we shall denote a complete local noetherian Z p -algebra with maximal ideal m R . We write H Qp for the kernel of χ cyc . If A is any associative ring, M a (left) A-module and Y a (right) A-module, the we denote the base change Y ⊗ A M often just by M Y . If ϕ denotes an injective ring homomorphism of A, which is now assumed to be commutative, we shall as usual set ϕ * M := A ⊗ A,ϕ M where the left copy of A is viewed as A-module via ϕ. Assume, moreover, that M itself bears a ϕ-linear action ϕ M . Then we obtain a canonical map ϕ * M → M sending a ⊗ m to aϕ M (m). In case the latter map is injective we shall sometimes identify ϕ * M with its image in M without further indication. We write Q nr p for the completion of the maximal unramified extension Q nr p of Q p while the ring of integers are denoted by Z nr p and Z nr p , respectively. F shall usually denote a finite unramified extension of Q p .
Rings of p-adic Hodge theory ection:rings
The rings (and their properties) we will use are primarily defined in [Ber02] . Let F be a finite unramified extension of Q p with ring of integers O F and residue field k F . Let E := lim ← −x→x p C p , and let E + be the subset of x ∈ E such that x (0) ∈ O Cp . Then E is an algebraically closed field of characteristic p. There is a valuation ord E defined by v E ((x (i) )) = v p (x (0) ), and a Frobenius (given by raising to the pth power). The valuation ring of E with respect to this valuation is E + , and E is complete with respect to v E .
Let ε := (ε (0) , ε (1) , ε (2) . . .) ∈ E + be a choice of compatible pth power roots of unity with ε (0) = 1 and ε
(1) = 1. There is a natural map k F ((π)) → E given by sending π to ε − 1; we denote its image by E F , we denote by E the separable closure of E F inside E, and we denote by E + the valuation ring of E. Let A + := W ( E + ) and A := W ( E). There are two possible topologies on A + and A, the p-adic topology or the weak topology; they are complete for both.
The p-adic topology is defined by putting the discrete topology on W ( E)/p n W ( E) for all n, and taking the projective limit topology on A; A + is given the subspace topology. The weak topology is defined by putting the valuation topology on E and giving A the product topology; A + is again given the subspace topology.
Alternatively, the weak topology on A is given by taking the sets
to be a basis of neighborhoods around 0, where p ∈ E + is any fixed element with p (0) = p (i.e., p is a system of compatible p-power roots of p). The weak topology on A + is similarly generated by the sets
The weak topology can also be defined by a family of semi-norms, but we will not use this.
Both rings carry continuous actions of Frobenius (for either topology). However, the Galois action is continuous for the weak topology, but it is not continuous for the p-adic topology because the Galois actions on E + and E are not discrete. There are versions of all of these rings with no tilde; they are imperfect versions of the rings with tildes.
Let π ∈ A denote In fact, we can describe A K more explicitly: If F ′ ⊂ K is the maximal unramified subfield of K, then every element of A K can be written uniquely in the form k∈Z a k π k K , where {a k } k∈Z ∈ O F ′ is a sequence tending to 0 as k tends to −∞ and π K is a (non-canonical) lift of a uniformizer of
We also get an action of Frobenius induced from that on A; however, because E is imperfect, the action of Frobenius is no longer surjective.
If R is a complete local noetherian Z p -algebra with maximal ideal m R and finite residue field, we define R ⊗ A, R ⊗ A + , R ⊗ A F , and R ⊗ A + F to be the tensor products over Z p , completed with respect to m R . If R is discrete, these completed tensor products become ordinary tensor products over Z p .
This permits us to define D(M ) and D + (M ) for R-linear representations of G Qp as follows:
Note that there are canonical isomorphisms nverselimits nverselimits
A consideration of Witt coordinates shows that the cokernel C of the injection A + ֒→ A has no ptorsion, and is therefore Z p -flat. It follows that the cokernel of A + ֒→ A is also Z p -flat. As a consequence, the natural maps R ⊗ A + → R ⊗ A and R ⊗ A + → R ⊗ A are injective. We record the following useful lemma:
ma:a-a+-mult Lemma 2.1. Let R be a discrete Z p -algebra, and let I ⊂ R be an ideal. Then
Proof. Suppose that f := r 1 f 1 + . . . + r k f k ∈ R ⊗ Zp A + , where r i ∈ I and f i ∈ A, and let f i denote the image of f i in the cokernel R ⊗ Zp C of the map
Furthermore, A/p is the separable closure of A F /p = k((π)), where k is the residue field of F , and A + /p is its ring of integers [Fon90, §1.8(a)].
lemma:a-a-k Lemma 2.3. Let R be a discrete Z/p n -algebra.
(1) For any finite extension K/F , the natural map
(1) We proceed by induction on n. If n = 1, the result follows by choosing a basis for R over F p and using the fact that A + /p is the ring of integers of a separable closure of A F /p. So we may assume the result for n − 1 and consider the commutative diagram
HK and let f be its image in ((R ⊗ Zp A + )/p n−1 ) HK . The right-most arrow is an isomorphism, by the inductive hypothesis, so f lifts to f ∈ R ⊗ Zp A
Choosing a basis for p n−1 R and considering the structure of A + /p again implies that f − f lifts to p n−1 R ⊗ Zp A 
HK
Then the first part of this lemma and the snake lemma imply the desired result. (3) We proceed by induction on n.
Since R is assumed finite-type over F p , the result follows. We now assume the result holds for n − 1. Consider f ∈ R ⊗ Zp A + , and let f denote its image in (R/p n−1 ) ⊗ Zp A + . By the inductive hypothesis, f ∈ (R/p n−1 ) ⊗ Zp A + K for some finite extension K/F , and
for some finite extension K ′ /F and we are done.
Families of Wach modules families
Let R be a complete local noetherian Z p -algebra with finite residue field. We give R its natural profinite topology.
Definition 3.1. Let K/Q p be a finite extension. A family of G K -representations over R is a finite free R-module M endowed with a continuous R-linear action of G K . If X is a rigid analytic space over Q p , a family of G K -representations over X is a finite projective O X -module endowed with a continuous O X -linear action of G K .
Note that to a family M of G K -representations over R we can naturally assign a family M rig of G K -representations over X = Spf(R)
rig ; see Appendix A.1 for details. For any rigid analytic space X over Q p , we further define the sheaves of rings B (The same holds if "crystalline" is replaced by "semistable", although we shall not need this.)
Proof. The implication (2) ⇒ (1) is clear. To show that (1) ⇒ (2) we will use the results of [Bel15] . Suppose we are given a homomorphism R → S as in (2). Let R ′ be an affinoid algebra such that there is a natural flat homomorphism R → R ′ with dense image. By Theorem 1.1.3 of op.cit we know that there is a unique closed rigid-analytic subvariety of X ′ = Sp(R ′ ) such that a homomorphism from R ′ to an artinian E-algebra factors through this quotient if and only if the corresponding specialization of M is crystalline with Hodge-Tate weights in [a, b] . By assumption, this subvariety contains every point of X ′ . But X ′ is reduced, so this subvariety is the whole of X ′ . Since the generic fiber Spf(R) rig can be exhausted by affinoid subspaces as above, we see that (1) ⇒ (2) as required.
We say M is crystalline with Hodge-Tate weights in [a, b] if R is flat over Z p and the above equivalent conditions hold. This is equivalent to the family of representations M rig over the quasi-Stein space Spf(R) rig being crystalline with Hodge-Tate weights in [a, b] . If R is Z p -finite and flat and K = F is unramified over Q p , there is an associated Wach module N(M ). We wish to extend this to the general case.
The problem is that we would like to have a good notion of Wach modules for families of crystalline representations with coefficients in power series rings. But because the (integral) Wach module functor can fail to be exact, naive constructions do not seem to have good properties. For example, if R is a finite flat Z p -algebra and M is an R-linear lattice in a crystalline representation of G Qp , there is an associated Wach module N(M ); it is a finite R ⊗ Zp A + Qp -module, but it is in general not projective over R ⊗ Zp A + Qp . This makes it difficult to verify that N(M ) has good base change properties, or to show that N(M ) has good finiteness properties when R is a power series ring.
We give a definition of Wach modules. As we are primarily interested in positive representations (that is, Galois representations with non-positive Hodge-Tate weights, where the cyclotomic character has weight 1), we restrict to that case. Recall that for a Z p -finite
HK . By the work of Dee, if M is a finite free rank-d R-module for a finite local Z p -algebra R and the Galois action is R-linear, then D(M ) is finite projective of rank
oeffs-a-a+-i
Lemma 3.5. Let A be an artin local Z p -algebra, and let M be a finite A-module equipped with a continuous A-linear action of
Proof.
(1) If M ′ is free over A, this is clear. Otherwise, we may choose a finite presentation of M ′ and use the exactness of the functor D(−). (2) We may write B = lim − →i B i , where the B i are A-finite submodules of B and the transition maps are injections. Then the functor of H K -invariants commutes with the direct limit, and so does the tensor product with D(M ), so this follows from the first part.
Thus, under these hypotheses we may refer to D(M B ) without any ambiguity. We give a generalization of [Ber04, Lemme III.3.2]:
Lemma 3.6. Let A be an artin local Z p -algebra with finite residue field, let B be an A-algebra, and let 
If we write
with respect to this basis as i x i n i we see that x i ∈ IA. But x i ∈ A + , as well, so x i ∈ IA + , by Lemma 2.1.
Definition 3.7. Let A be an artin local Z p -algebra with finite residue field, and let M be a finite free A-module of rank d equipped with a continuous A-linear action of
that N is ϕ-and Γ-stable, the cokernel of ϕ * N → N is killed by q h , and Γ acts trivially on N/πN.
We define a functor on A-algebras by letting
′ is a map of local artin rings with finite residue field, then there is a canonical isomorphism 
F -lattices are points of the affine Grassmannian for GL d over A, which is an ind-projective scheme.
Furthermore, ϕ-and Γ-stability define closed conditions on the affine Grassmannian, as do the requirements that N/ϕ * N be killed by q h and that Γ act trivially on N/πN. Finally, the ϕ-stability of
is the least integer such that p s = 0 in A, and i = max{
M is representable by a closed subscheme of a Grassmannian, which is projective with a canonical very ample line bundle.
F -lattice; in particular, it is equipped with actions of ϕ and Γ. We write the structure morphism Θ A : L ≤h M → Spec A, and we write
by the projection formula, and taking the ϕ = 1 part on each side yields the desired result.
ach-loc-free
Lemma 3.10. There is a finite covering
by open affine subsets such that
Proof. Choose any affine covering {U
Jacobson radical generated by (m, π). Then Nakayama's lemma implies that
usions-artin Proposition 3.11. There are natural inclusions of sheaves
and therefore natural inclusions of sheaves
Proof. We first need to check that the presheaf
is actually a sheaf. But this follows from Lemma 2.3 and the description of A
there is some integer s > 0 such that
and ord p p s n = s for 1 ≤ n ≤ p − 1; let P Ui be the matrix of ϕ s with respect to the chosen basis of N ≤h (M )(U i ). Since the action of Frobenius is trivial on M , we see that 
The other inclusion follows similarly. Since
Ui has a coefficient with a pole of order r (and no coefficients with poles of higher order), then ϕ
Ui ) has a coefficient with a pole of order at least pr, whereas ((ϕ
Now we take H F -invariants to obtain the second pair of inclusions. To see that
is free is a basis for the Zariski topology. But
, so we are done.
in-wach-pi-h Lemma 3.12. Let A → A ′ be a local homomorphism of local artin rings with finite residue fields. Then there is a homomorphism 
We first observe that if A ′ is a finite free A-module, then 
, by the commutativity of the above diagram it lifts to an element β ∈
In order to show this, we first note that for any h ∈ H F , 
and we see that {n U + b U } glues to a global section of N ≤h (M ), so we are done.
Now we wish to consider the situation when A is a complete local noetherian Z p -algebra with finite residue field and maximal ideal m A . We may extend the definition of the functor L 
Proof. This follows from 3.9 by taking limits.
ach-loc-free
Lemma 3.14. Let A be a finite flat Z p -algebra, let B := A[1/p], and let M be a finite free A-module of rank d equipped with a continuous A-linear action of G F such that the underlying Z p -linear Galois representation is a lattice in a crystalline representation with Hodge-Tate weights in
We first forget the A-linear structures on M and Θ A * N ≤h (M ) and consider them as Z p -and
with actions of ϕ and Γ, such that N/ϕ * is annihilated by q h and Γ acts trivially on N/π. Therefore, 
⊕d ։ N ; the kernel must be p-torsion, hence trivial, so this surjection must be an isomorphism.
We may thus assume that N is free of rank d over A
The key result is the following, which is the same argument as in the proof of [Kisb, Proposition 1.6.4]: 
is quasi-finite; since it is projective, it is therefore finite (and is an injection on closed points). Setting B = E[ε]/ε 2 , it also induces injections on tangent spaces, and is therefore a closed immersion.
For the second part, we first consider a Q p -finite local artin ring B with residue field E together with a map Spec B → Spec A which factors through the image of L • ⊂ B denote the subring of elements mapping to O E ⊂ E, and we let Int B denote the set of O E -finite subrings of B
• (this makes sense because B is canonically an E-algebra). Each such C is a finite flat O E -algebra, since B contains no p-torsion.
Observe that the map A → B factors through some C ∈ Int B , and we may assume that the map 
It turns out that N OE is a finite free
we may assume that the matrices of ϕ and Γ with respect to this basis have coefficients in 
Certainly this is true after inverting p, since
To see this, we observe that there is a surjection C ′ ։ O E , with kernel n, and there is a descending filtration {n i } of n by subideals such that
* N OE , and is therefore p-torsion free.
The upshot of all of this is that if M is a rank-d family of 
denotes the ideal sheaf generated by all p-power torsion sections, and let L ≤h,t.f. M denote the corresponding closed subscheme. Let
, and write
We observe that by the theorem on formal functions, the m A -adic completion of 
, which is a product of finitely many principal ideal domains. Therefore,
Jacobson radical generated by m, so by Nakayama's lemma, we can lift
Since a surjection of projective modules of the same rank is an isomorphism, we are done.
+-inclusions
Lemma 3.19. There are natural inclusions of sheaves
and therefore natural inclusions of sheaves
Proof. This follows from Proposition 3.11 by taking limits.
Remark 3.20. Combined with Lemma 3.13, this implies that the representation M A is finite height, i.e., D(M A ) is generated by elements of D + (M A ).
op:wach-pi-h Proposition 3.21. Let A → A ′ be a local homomorphism of complete local noetherian Z p -algebras with finite residue field. Then there is a natural base change map
and its image contains the image of
Proof. This follows from Lemma 3.12 by taking limits.
We wish to compare this construction with Berger's construction when A = Z p and M is a lattice in a crystalline representation with Hodge-Tate weights in [−h, 0]. To show they agree, we would have to prove that N(M ) is free over A + F . There are two problems: A priori, there could be connected components of L ≤h M supported on the special fiber and killed by inverting p, which would lead to ppower torsion in N(M )
total . In addition, even after killing p-torsion we would only know that Berger's Wach module is the p-saturation of ours in D(M ).
We now consider only the situation when A is flat over Z p , A is integrally closed in A[1/p], and M is a crystalline family of G F -representations with coefficients in A. In particular, A → A is injective, 
Proof. In the proofs of Lemma 3.9 and Lemma 3.13 we showed that the natural map (
is surjective, and since N(M ) t.f. ⊂ N(M ) sat , the result follows.
Lemma 3.24. The action of Γ on N(M ) sat /π is trivial, and the cokernel of ϕ
Since the Γ-action on the right is trivial, so is the Γ-action on the left.
For the second assertion, we observe that ϕ is an isomorphism on D(M ) (and on D(M )[1/p]), and the cokernel of ϕ
+-inclusions
Lemma 3.25. Suppose that A is flat over Z p . Then there are natural inclusions
sat is clear, since A → A is an injection (since it is an isomorphism after inverting p and A is assumed flat over Z p ), and D + (M ) is p-torsion-free, and so
where we use
total , which follows from Lemma 3.19 by taking global sections. More precisely, formal GAGA implies that the injective map of coherent O L
, since m A -adic completion is fully faithful. Taking H F -invariants and pushing forward by Θ A yields the desired statement.
For the inclusion
, we first recall from Lemma 3.19 that To prove the claim, consider the sequence of ideals Repeating this argument for all n, we find that the annihilator ann A (p) is non-zero. But this contradicts the assumption that A is Z p -flat, so I = 0. Now we turn to the second pair of inclusions. By Lemma 3.19
Since M is free over A and we have just shown that (
and there is a natural map
This map is injective after inverting p, and (
sat has no p-torsion, so it is an inclusion.
It remains to show that π
sat and we are done.
ach-wach-sat
Proof. By Lemma 3.19,
The proof of the second assertion is very similar to the proof of [Ber04, Proposition IV.1.3]. We note that we have a set of inclusions
with the action of Γ stabilizing N(M ) total and N(M ) sat and acting trivially on N(M ) total /π and
. We may then prove by induction on i that
Taking i = h and observing that p α(h) generates the same ideal in Z p as
We can also study the behavior of N(M ) sat under change of coefficients. As the formation of L ≤h M is clearly functorial in the coefficients, for any homomorphism of complete local noetherian O-algebras
However, it need not be an isomorphism. 
Proof. By Proposition 3.21, the image of (
and since
Corollary 3.28. Let A → A ′ be a local homomorphism of rings satisfying the above hypotheses. Then there is a natural base change morphism (
sat , and its cokernel is annihilated by p α(h) .
Proof. This follows from Lemma 3.27 by the same argument as in the proof of Lemma 3.26.
Suppose in addition that
Proof. Clearly if n ∈ N(M ) total is p-power torsion, so is its image in N(M A/J i ) total for all i. On the other hand, the natural map
) for all i and we are done. (
Moreover, for any local homomorphism R → R ′ of complete local noetherian flat Z p -algebras with finite residue fields
4. Generic fibre sec:fibre 4.1. Families of Wach modules and (ϕ, Γ)-modules. Given a family of positive crystalline representions M of G F over R of rank d, we get a family M rig of Galois representations over the Fréchet-Stein algebra R rig given by taking the rigid analytic generic fiber of R. We therefore obtain a family of (ϕ, Γ)-modules D † rig (M rig ) over R rig . More precisely, we exhaust the quasi-Stein space Spf(R) rig by a rising sequence of affinoids {U i = Sp(A i )} and we note that for each i there is some s > 0 such that over each 
we have a natural map
On the other hand, the family of Galois representations We may therefore consider the sub-B †,s 
is an isomorphism of filtered ϕ-modules.
In particular, this implies that
We wish to extend these results to formal families of positive crystalline representations. To precisely define D cris (M rig ) we must again exhaust Spf(R) rig by affinoid subdomains {U i }, consider the finite projective modules D cris (M rig | Ui ) over each U i , and take the limit to obtain a finite projective filtered ϕ-module over R rig . We also obtain an explicit description
Proof. Let U = Sp(A) be an affinoid subdomain of Spf(R) rig . Then there is some s ≫ 0 such that 
rig,Qp ⊗R rig -module; we do not know whether it is R riglocally free. However, it follows from the construction of families of (ϕ, Γ)-modules that there is some finite extension L/F such that for any affinoid subdomain Sp(
Proof. 
rig,F ⊗A m ) be a matrix carrying { e 1 , . . . , e r } to { f 1 , . . . , f r }. We wish to show that G actually has entries in B + rig,F ⊗A m . A priori, g ij (π) is a power series with coefficients in A m converging for p −1/s ≤ |π| < 1. We write g ij (π) = n∈Z a n π n and equip A m with the sup norm. But by the proof of [Ber04, II.2.1], if we specialize G at any point x ∈ Sp(A m ), then g ij (π)(x) ∈ B + rig,F . Since |a n | ≤ |a n (x)| for all x, it follows that g ij actually converges for |π| < 1.
Now that we have an inclusion
D cris (M rig ) ⊂ N(M ) rig ,
we wish to understand the cokernel of the induced map (B
that the quotient is isomorphic to
However, as such a decomposition is non-canonical, there is no reason to expect it to vary well in families.
However, we can prove the following weaker results:
uot-nm-dcris Proposition 4.5. Let M be a family of positive crystalline representations of G F over R. Then:
(1) Let Q denote the cokernel of the map inc M : (B
(2) The map inc M is injective. (3) The map inc M induces an isomorphism of line bundles 
et-frob-wach
Corollary 4.6. Let M be a family of positive crystalline representations of G F over R. Then
is an isomorphism of line bundles over
is an isomorphism of line bundles over rig by [dJ95, Lemma 7.1.9], this implies the desired result.
det-wach-rep
Corollary 4.7. Let M be a family of positive crystalline representations of G F over R. Then the inclusion
Proof. We use Lemma 3.18 to find an affine cover 
We can also use Proposition 4.5 to relate N(M ) rig and D cris (M rig ) when M rig is a crystalline family with non-negative Hodge-Tate weights.
-cris-pos-ht Corollary 4.8. Suppose that M is a crystalline family with non-negative Hodge-Tate weights. Then
Since this is a map of finite modules over a Fréchet-Stein algebra, continuity is automatic. 
ach-pi-dcris Theorem 4.9. Let M be a family of positive crystalline G F -representations over R. Then the composition of the natural maps
Proof. The map of interest is a homomorphism of finite projective modules of the same rank over R rig ⊗ Qp F . But the formations of D cris (M rig ) and N(M ) rig commute with base change on R rig and the map becomes an isomorphism after specialization, so we are done. 
rig has an underlying R-module structure, it is natural to ask whether this isomorphism can be defined over a smaller ring, such as R[1/p] ⊗ B 
for all m. By induction on m, this implies that the matrix A (m) can be written as a sum of terms of the form
where M and N are integers, the λ a are positive integers satisfying λ 1 + · · · + λ M = m, and B is a subset of {1, . . . m}. Using the previous inequality, any such term has valuation bounded below by
Now we consider the ϕ-action on N(T ). Let
be the matrix of ϕ on N(T ) with respect to {e i } and let Φ ∈ Mat d×d (O L ⊗ Zp O F ) be the matrix of ϕ on N(T )/π; Φ is the "constant term" of P . Then Φ is invertible over L ⊗ Qp F , and more precisely, Proof. Since A is Frobenius-equivariant, we have the relation AΦ = P ϕ(A). Iterating N ρ times and multiplying by p Nρh , we obtain p
Nρh A has entries which are bounded by 1 on the disk v p (π) ≥ ρ. 
Now we return to
Let x ∈ U be a closed point with residue field L and let {e 1 , . . . , e d } be a basis of
Thus, if X is the matrix for the image of {e
In other words, there is some integer k such that f 
dcris-nm-bdd
Corollary 4.13. There is an isomorphism of line bundles over
which agrees with the isomorphism (π/t) r1+···+r d · det(inc M ) of Proposition 4.5.
Galois cohomology c:cohomology
Let K ∞ /Q p be an abelian p-adic Lie extension with Galois group G := G(K ∞ /Q p ) and associated Iwasawa algebra Λ := Z p [[G]]. We write J G for its Jacobson radical. Let R be a complete local noetherian Z p -algebra with finite residue field, flat over Z p , and let m R be its maximal ideal. Then we define the ring
In addition we endow the latter with the following action of G Qp : for σ in the latter group we set σ(λ ⊗ m) := λσ −1 ⊗ σm. Now we define the Iwasawa cohomology of a family M of G Qp -representations as Here the map ψ : N(M ) → N(M ) is defined to be the composition
and we use the non-negativity of the Hodge-Tate weights of M to assume N(M ) ⊂ ϕ * N(M ). We first need a preparatory lemma, which extends the Fontaine isomorphism D(M ) 
∆K defines a quasi-isomorphism between the top and bottom rows. We obtain an exact sequence
compatible with corestriction. If we take K = Q p (µ p n ) and consider the limit over all n, we obtain the desired isomorphism
Proof of Proposition 5.1. It suffices to show that (π
, and to see this, it suffices to show that (π [FK06] . We obtain the following exact sequence of terms in lower degree f:lowdegree f:lowdegree
as well as the isomorphisms
Iw (M )) for i ≥ 1. By Proposition 5.3 we obtain pseudo-isomorphisms, i.e., isomorphisms up to pseudo-null modules,
In the Fontaine-Lafaille range we obtain the following result which is not needed elsewhere in this article. 
Proof. From [SRV13] we obtain the isomorphisms
which induces after taking projective limits an isomorphism of R⊗Λ(G)-modules
is isomorphic to Λ(G) r with basisn 1 , . . . ,n r by (loc. cit.) and the fact that by assumption the base change map for N is an isomorphism, we see by the Nakayama lemma that the map
induced by the choice of n 1 , . . . , n r is surjective with kernel, say, C. By induction on d and using torsionfreeness of ϕ * N(M ) we conclude that C/X d C = 0 whence C = 0 by the Nakayama lemma again. The proposition follows and we even get an explicit basis.
We now specialize to the following setting (which will be crucial for the construction of the regulator maps): Let F ∞ be the unramified Z p -extension of Q p . We set
We regard Γ as a subgroup of G, by identifying it with Gal(K ∞ /F ∞ ), so we have G = U × Γ.
Following [LZ11] we define
Here S ∞ := lim ← −n O Fn with the transition maps being the trace maps. This is called the Yager module, and it is free of rank one over Λ(U ) and naturally endowed with a Frobenius action. Moreover, S ∞ is naturally contained in Λ OF ∞ (U ), and the induced subspace topology coincides with the inverse limit topology (see the discussion in §3 in loc. cit.). Indeed, setting
where τ p denotes the image of the unique lift
Similarly, we consider
, where in the latter case τ p denotes the image of τ p in G := Γ × U with Γ ∼ = Z p .
lem:twists
Lemma 5.5.
(1) Λ Zp (U ) τp and H Qp (U ) τp are free rank one modules over Λ Zp (U ) and H Qp (U ), respectively. (2) Λ Zp (G) τp and H Qp (G) τp are free rank one modules over Λ Zp (G) and H Qp (G), respectively. Moreover, we have
. Fix any such λ 0 with a 0 = 1, the existence of which stems from the exact sequence
(U ) and for any λ in Λ Zp (U ) τp or H Qp (U ) τp we have that 
Regulator maps for families ec:regulator
We have to extend the various regulator maps to families and thus generalize the main result from [LZ11] . Let F be any finite unramified extension of Q p , and let F ∞ be the unramified Z p -extension of
We regard Γ as a subgroup of G, by identifying it with Gal(K ∞ /F ∞ ), so we have G = U × Γ. 6.1. Γ-regulator. Let M now be a crystalline family with non-negative Hodge-Tate weights and not containing the trivial representation as a quotient (of any M n ). Then we have the following map:
and the last inclusion follows from Corollary 4.8 and the identification istributions istributions
Note that the latter is a projective H Qp (Γ) ⊗R rig -module because M is assumed crystalline. For any finite extension E/Q p contained in F ∞ , we may apply the above construction to the induced representation M ′ := Ind Qp E M . Using Shapiro's Lemma and Frobenius reciprocity (see §4.3 in [LZ11] for a similar construction), we then obtain the following map:
6.2. G-regulator. Assume first that F = Q p , i.e., U ∼ = Z p . Extending the observations from (loc. cit.) one easily shows that (ϕ
Using Proposition 5.6 we obtain the following map
generalizing definition 4.6 in (loc. cit.). More precisely, as in §4.2 of (loc. cit.) one has an embedding eddingSinfty eddingSinfty
which is continuous with respect to the inverse limit topology on S ∞ and the Fréchet topology on the target. Hence the natural map on the algebraic tensor product
induced from the embedding in Corollary 4.8 plus (6) and (7) extends to a continuous
The image of this map is contained in
Since H Qp (G) τp ⊗ Qp R rig is a free rank one H Qp (G) ⊗ Qp R rig -module by Lemma 5.5, the source and target are finite H Qp (G) ⊗ Qp R rig -modules of the same generic rank. The extension to finite unramified extensions F/Q p (which we may and do assume to be linearly disjoint from the unramified Z p -extension of Q p ) is carried out as usual by applying the above construction to the induced representation M ′ := Ind Qp F M and using Shapiro's lemma and Frobenius reciprocity; see §4.3 in (loc. cit.) for the details.
The first part of the following theorem generalizes Thm. 4.7 in (loc. cit.) to families: ecialization Theorem 6.1. Assume that M is crystalline with Hodge-Tate weights ≥ 0. Then the following hold:
(1) For any finite extension E/Q p contained in F ∞ , we have a commutative diagram
, the right-hand vertical arrow is the map on distributions corresponding to the projection G → G ′ , and the map L
iag:reg-comm (2) For any ideal P ⊂ R such that R/P is flat over Z p , there is a commutative diagram
where σ denotes the arithmetic Frobenius.
By abuse of notation we also write L G M,ξ for the induced map with source (
Proof. The proof of Thm. 4.7 in (loc. cit.) carries over almost literally to show the first part apart from the injectivity statement, which is proved in the same way as Prop. 4.12 in (loc. cit.). The commutativity of the diagram in 2 is just the fact that the construction of L G M,ξ is functorial in the coefficients of M : More precisely, we have to check that the following diagrams are commutative.
(where the right vertical map is induced from the natural base change map N (M )⊗ R R/P → N (M/P M ) from section 3 and the R-linearity of ψ while the left vertical map comes from the obvious base change spectral sequence using the flatness of M over R, see e.g. [Nek06, §8.4.8.3] or (2), (3)),
The commutativity of diagram (8) follows from the functoriality of the Fontaine isomorphism. For diagram (9), commutativity follows immediately from the R-linearity of ϕ. The commutativity of (10) follows from the commutativity of the diagram
But this follows from the functoriality of the maps
The third part is clear from the construction.
Construction of the isomorphism onstructionG
The aim of this section is as follows. Let M be a crystalline R-linear Galois representation with R a complete local noetherian Z p -algebra with finite residue field, which is Cohen-Macaulay, normal, and flat over Z p , such that R rig is an integral domain. Let R := Z nr p ⊗ Zp R and let f:tilde f:tilde
We shall construct a canonical isomorphism of determinants over the ring Λ R,Qp (G) :
where
Our construction is to define the isomorphism over the total quotient ring K R (G) of the distibution algebra H R (G) := H Qp (G) ⊗ R rig , and then descend it to Λ R,Qp (G).
In order to carry out our calculations, we will need to specialize at closed points of Spec R[1/p] and utilize the results of [LVZ13] . However, as we are interested in finite modules over Λ R (G)[1/p], which has many more closed points than Λ R (G)[1/p], we record the following useful lemmas:
, where the product runs over closed points of Spec R[1/p] and K x denotes the residue field at x.
This map is defined by base extension from a map H
is generically an isomorphism. Since H 
given by
where ℓ(M ) ∈ H Qp (G) is defined below.
def:ellV Definition 7.5.
(1) Let γ ∈ Γ be any non-torsion element. Then we define
(2) For n ∈ Z, define the element µ n ∈ Frac H Qp (Γ) by
(3) For V a Hodge-Tate representation of G Qp , with Hodge-Tate weights n 1 , . . . , n d , let
The p-adic Hodge type of M is locally constant on Spf(R) rig . Since we assume that R[1/p] is integral, the Hodge-Tate weights are constant. If the Hodge-Tate weights are n 1 , . . . , n d , we set ℓ(M ) :
by Corollary 4.10, we can rewrite the above isomorphism as
. We wish to show that the isomorphism Θ K R (G),ξ (M ) can be defined over Λ R,Qp (G). More precisely, we we want to show the following:
rop:theta1/p Proposition 7.6. There is a trivialization of line bundles
which agrees with Θ K R (G),ξ (M ) after extending scalars. Moreover, for every specialization
We first recall that Θ K R (G),ξ (M ) is defined via base extension from an isomorphism over the total ring of fractions of H Qp (G) τp ⊗ R rig . We therefore descend the latter isomorphism to an isomorphism over Λ Qp (G) τp ⊗ R[1/p] (using the fact that Λ Qp (G) τp is free of rank 1 over Λ Qp (G)).
To construct a homomorphism of line bundles
it suffices to construct homomorphisms on an affine cover and check that they agree on overlaps. Thus, our strategy is to work locally on Spec Λ R,Qp (G) (to trivialize Det
, choose integral generators on both sides, and calculate that the determinant actually lands in Λ R,Qp (G). However, we will have to be a bit careful, for two reasons: First, our previous computations concerned
−1 and they are only canonically isomorphic when H 
,ξ is bounded (with respect to suitable choices of local generators), then normality of Λ R (G) will imply that it actually lives in Λ R,Qp (G), as desired. We therefore study specializations of
We first work over open affine subspaces
Over these subspaces, we will consider specializations of the determinant of
where L/Q p is a finite field extension. A priori, such base changes involve derived tensor products and thus higher Tor groups. However, Theorem 6.1 (2) together with the spectral sequence (2) (for Y = L) shows that when H 2 Iw = 0, these Tor groups vanish. In general, we will use (4) to check that no higher Tor-groups are involved in the descent calculation. Indeed, for a Cohen-Macaulay ring pseudo-null modules possess a canonical trivialisation by the same proof as for [Ven13, Lemma 2.2]. From this comment and by construction below, it will be clear thatonce Θ ΛR,Q p (G),ξ exists -it satisfies the desired compatibility with specialisations.
of the same rank, we may assume that a
Let L/Q p be a finite extension with ring of integers O L , and let 
This implies that for every such
Now by Lemma 7.2 (and exhausting Spf(R) rig by affinoid subdomains) 
′ , because they agree after extending scalars to K R (G).
Proof. Choose bases of Det
as in the proof of the previous lemma; an isomorphism 
This proves Proposition 7.6.
Remark 7.9. Although the proofs of Lemma 7.7 and Lemma 7.8 construct isomorphisms over affine subspaces of Λ R (G)[1/p], we only claim to have descended
. This is because the proofs implicitly involved making a non-canonical choice of a generator of Λ Zp (G) τp over Λ Zp (G). 
whose image under specialization x : R → O L is the isomorphism defined above.
Remark 7.11. We cannot hope to construct ε R,ξ,dR (M ) such that its integral specializations agree with the isomorphisms ε OL,ξ,dR (M ) constructed in [LVZ13] , because M commutes with base change on R but D cris (M ) does not.
Proof. By [Bel15, thm. 1.1.14] and Lemma A.6 there is a canonical isomorphism
Both sides have natural R-linear structures, given by D cris (M ) and M , respectively. We wish to show that the determinant of can M with respect to these R-modules is an element of t 
rig (with respect to any choice of bases) is an element of
Next, we have an inclusion (R ⊗A ) is compatible with taking exterior powers, we may replace M with det(M ) and consider only families of characters over R. Furthermore, by twisting, we may assume that M is unramified (so has Hodge-Tate weight 0), so that the determinant of can M is ϕ-invariant up to a unit of R, and we may assume det(can M )) ∈ R ⊗ A + . We consider the equation ϕ(det(can M )) = r · det(can M ) modulo successive powers of m R . For each n, there is some s such that ϕ
Passing to the limit yields the desired result.
def:epsilon Definition 7.12. We define
to be the isomorphism given by
where we regard ε R,Qp,ξ,dR (M ) as an isomorphism
via base-extension.
m:conclusion
Theorem 7.13. There is an isomorphism of line bundles
Proof. There is some integer m such that 
where R → O runs through all Z p -algebra homomorphisms with O the valuation ring of any finite extension of Q p (and such that the image has the same quotient field as O) is injective.
Cp. also Corollary 7.22 below for a similar statement.
Proof. Since SK 1 (Λ R ) = SK 1 (Λ O ) = 1 the statement is equivalent to the injectivity of
Since Λ R is a product of rings of the type of R dealt with in Lemma 7.1 and as Λ R = Λ R , we obtain an injective map Λ R ֒→ x Q nr p ⊗ Qp K x , where the closed points x corresponds to Z p -algebra homomorphisms Λ R → K x (such that the image has quotient field K x ). One easily sees that this map factorises as
because each Z p -algebra homomorphisms Λ R → K x factorizes as Λ R → Λ Ox → K x with the first map being induced on the coefficients by a Z p -algebra homomorphisms R → O x where O x is the valuation ring of K x . The injectivity of (12), whence the claim, follows.
We note for later use some properties of the isomorphisms ε ΛR(G),ξ (M ):
EScompatible Proposition 7.15 (Compatibility with short exact sequences). Let
be a short exact sequence of R-linear crystalline representations of G Qp . Then
Proof. We first observe that the determinants
· have canonical trivializations, so their product (with scalars extended to Λ R,Qp (G)) does, as well.
On the other hand, the product
−1 provides another trivialization of the product of these determinants. But since
for every map R → O where O is finite flat over Z p , the proposition follows.
aseextension Proposition 7.16 (Change of coefficient ring). Let R ′ be an R-algebra which is again a complete local noetherian Z p -algebra which is Cohen-Macaulay, normal, and Z p -flat with finite residue field. Then
Proof. Clear.
The next compatibility property takes a little more notation to state. For brevity let us write Λ for Λ R (G). For η a continuous R-valued character of G, we have a twisting homomorphism Tw η : Λ → Λ which maps a group element g ∈ G to η(g)g. Hence we obtain a pullback functor (Tw η )
* from the category of Λ-modules to itself:
This can also be described in terms of tensoring with the Λ-bimodule Λ ⊗ Λ,Twη Λ, which is free of rank one as a Λ-module. Hence the twisting functor extends to a functor from the category Det(Λ) to itself, and is compatible with the functor Det. Note that we have an isomorphism
as (Λ, G Qp )-modules, if Λ acts on Λ ⊗ O T via left multiplication on the left factor, while g ∈ G Qp sends λ ⊗ v to λḡ −1 ⊗ gv whereḡ denotes the image of g in G (and analogously for the action on Λ ⊗ R M (η −1 )). Here m η −1 a (fixed) basis of M (η −1 ). We clearly have (Tw η ) * • (Tw η −1 ) * = id. Similar definitions apply to other coefficient rings than
Finally note that for a Λ-module M we have a canonical isomorphism
of Λ-modules, where the Λ-module structure on the right hand side is induced by the diagonal action of G upon it.
stinvariance Proposition 7.17 (Invariance under crystalline twists). If M ′ = M (η) for a crystalline character η with values in R, then
which is an isomorphism
here we have used the fact that
Remark 7.20. Note that A need not be commutative, and Y need not be either projective or finitelygenerated as a Λ-module.
prop:compat2
Proposition 7.21. Suppose A = O E for some finite extension E/Q p , and the finite-dimensional Evector space E ⊗ A Y is de Rham as a representation of G. Then E ⊗ OE T is also de Rham, and E ⊗ OE ε A,ξ (T) coincides with the canonical isomorphism ε E,ξ (E ⊗ OE T) of [LVZ13, §2.4], the 'standard trivialisation'.
Proof. We may assume that E is sufficiently large that all the Jordan-Hölder constituents of E ⊗ A Y are one-dimensional. By the compatibility with short exact sequences, it suffices to assume E ⊗ A Y is itself one-dimensional, so E ⊗ A Y = E(η) for a de Rham character η of G. Moreover the R-algebra structure of A provides a homomorphism R → O E , whence Λ R → Λ OE , such that
Here the first identity is the definition of ε A,ξ (T), the second comes from the fact that Λ R → O E factors through Λ R → Λ OE , the third is the compatibility from Theorem 7.13 (and its extension to arbitrary crystalline families after Proposition 7.17) of ε ΛR,ξ (T(M )) with respect to specialization in R, the fourth follows from the functoriality of the definition of T(M ), while the fifth uses the definition of ε A,ξ (T) and the fact that • if Φ T is the set of all R-algebra homomorphisms ρ : A → M n (E) (where E/L is a finite extension and n an integer, both depending on ρ) such that E n ⊗ A,ρ T is de Rham, then Proof. Clear from the preceding proposition, since the isomorphism ε A,ξ (T) must be consistent with the de Rham ε-isomorphisms ε E,ξ (E n ⊗ A,ρ T), which are uniquely determined by (A, T, ξ).
Remark 7.23. We suspect that the uniqueness statement of the corollary is true for arbitrary type 1 R-algebras A, but this is much more difficult to prove in general. For instance, if M 1 , M 2 are two crystalline families of representations over R such that M 1 /p n ∼ = M 2 /p n for some n ≥ 1, then on taking A = R/p n this would imply that the ε-isomorphisms for M 1 and M 2 are congruent modulo p n . This should certainly be true, and actually one motivation for this paper is to show it at least for R = O E with E any finite extension of Q p , see section 8 below. Consider the product
and the isomorphism T(−1) ·ξ / / T which sends t ⊗ ξ ⊗−1 to t. duality Proposition 7.24 (Duality). Let T be as above such that T ∼ = Y ⊗ Λ T(M ) for some (A, Λ)-bimodule Y , which is projective as A-module. Then
Proof. First note that the statement is stable under applying
which is projective as a A ′ -module, by the functoriality of local Tate duality and the lemma below. Thus we are reduced to the case (A, T) = (Λ, T(M )) where M is a crystalline family of representation of G Qp with coefficients in R. Thus the claim follows again by specialisation and (property (vi) in §4.6 in (loc. cit.)) using Lemma 7.14.
Then there is a natural
(1) equivalence of functors
Proof. This is easily checked using the adjointness of Hom and ⊗.
Application to deformation rings :deformation
Consider the following situation: For i = 1, 2 let T i be a crystalline G F -representation over O with Hodge-Tate weights in [a, b] (with integers a, b), such that there exist some n 0 ≥ 1 such that
for n 0 ≥ n ≥ 1. Now let R 
rig , where ϕ is taken to act trivially on Λ R (Γ) rig and Γ acts via
−1 x. Since M rig is a crystalline family, it is trianguline after making a finite extension of R, so M is trianguline as well; let F denote a triangulation of M. In this situation, Nakamura [Nak13, Cor. 3.12] has constructed an ε-isomorphism
by Cor. 3.2 in (loc. cit.).
cor:nakamura Corollary 9.1. Under the isomorphism (14) we have
rig is a pair (x, η), where x ∈ Spf( R) rig and η corresponds to a character G → Q nr p × (which we also write η). If (x, η) lies over a point (x ′ , η ′ ) ∈ Spf(Λ R (Γ)) rig and η ′ is a de Rham character, we can compute the specializations of both sides at (x, η). Indeed, both sides specialize to By Kiehl's results on coherent sheaves on rigid analytic spaces, a coherent sheaf F on Y is simply a compatible system of coherent sheaves {F m } on {Y m }.
Quasi-Stein spaces behave much as affine schemes do in algebraic geometry. In particular, Kiehl proved the following theorem on the cohomology of coherent sheaves on quasi-Stein spaces. ⊕i . Then F ∞ is not A ∞ -finite, because the fiber of F ∞ at Sp(Q p (ζ p n )) is a Q p (ζ p n )-vector space of dimension n. Happily, this is the only thing that can go wrong. It turns out that f ρ = sup x∈B[0,ρ] |f (x)| where the supremum is taken over points x ∈ K ⊕d with |x| ≤ ρ, and the supremum is actually attained at some point. Moreover, the ρ-Gauss norms are multiplicative, i.e., f 1 f 2 ρ = f 1 ρ = f 2 ρ . This is a special property of polydisks; in general the sup norm on an affinoid is only submultiplicative.
bdd-fncns
Lemma A.8. Suppose f ∈ R rig and there is a constant C such that |f (x)| ≤ C for all x ∈ (K) ⊕d with |x| < 1. Then f ∈ R[1/p].
Proof. If |f (x)| is bounded by C on the open polydisk, then f ρ ≤ C for all ρ < 1. Then
It follows that |p log p C a I |ρ |I| ≤ 1 for all I and all ρ < 1, and therefore |p log p C a I | ≤ 1 for all I. Therefore, p log p C f ∈ R.
Although R rig is much bigger than R[1/p], we can exploit the multiplicativity of the ρ-Gauss norms to prove that the units of the two rings are the same: Proof. We need to show that if f ∈ (R rig ) × , then f is bounded. So suppose f is invertible on Spf(R) rig , and consider a sequence of closed balls with rational radii exhausting Spf(R) rig , i.e., their radii form a sequence {ρ i } i≥1 of rational numbers which is strictly increasing and goes to 1. Let c i := f ρi , so that c i is the maximum of |f (x)| on the closed ball of radius ρ i centered at the origin.
Since f is assumed invertible and f f −1 = 1, multiplicativity of the ρ-Gauss norm implies that f −1 ρi = 1/c i . But if i < j, then ρ i < ρ j so 1/c i = f Proof. We may assume that g ∈ R, so that |g(x)| ≤ 1 for every closed point x ∈ Spec R[1/p]; let C := sup x∈B[0,1) |g(x)|, where the supremum is taken over points x ∈ K ⊕d with |x| < 1. Let 0 < ρ < ρ ′ < 1 be rational numbers.
Let c := f ρ , so that c is the maximum of |f (x)| on the closed ball of radius ρ centered at the origin, and let c ′ := f ρ ′ . Then multiplicativity of the ρ-Gauss norm implies that f ′ ρ = g ρ /c and f
This holds for every ρ ′ > ρ, so f ∈ R[1/p] by Lemma A.8.
We fix an associative unital noetherian ring R. We write B(R) for the category of bounded complexes of (left) R-modules, C(R) for the category of bounded complexes of finitely generated (left) R-modules, P (R) for the category of finitely generated projective (left) R-modules, C p (R) for the category of bounded (cohomological) complexes of finitely generated projective (left) R-modules. By D p (R) we denote the category of perfect complexes as full triangulated subcategory of the derived category D b (R) of B(R). We write (C p (R), quasi) and (D p (R), is) for the subcategory of quasi-isomorphisms of C p (R) and isomorphisms of D p (R), respectively. For each complex C = (C • , d for each integer i. We first recall that there exists a Picard category C R and a determinant functor Det R : (C p (R), quasi) → C R with the following properties (for objects C, C ′ and C ′′ of C p (R)) B.a) C R has an associative and commutative product structure (M, N ) → M · N (which we often write more simply as M N ) with canonical unit object 1 R = Det R (0). If P is any object of P (R), then in C R the object Det R (P ) has a canonical inverse Det R (P ) −1 . Every object of C R is of the form Det R (P ) · Det R (Q)
−1 for suitable objects P and Q of P (R). B.b)
All morphisms in C R are isomorphisms and elements of the form Det R (P ) and Det R (Q) are isomorphic in C R if and only if P and Q correspond to the same element of the Grothendieck group K 0 (R). There is a natural identification Aut CR (1 R ) ∼ = K 1 (R) and if Mor CR (M, N ) is non-empty, then it is a K 1 (R)-torsor where each element α of K 1 (R) ∼ = Aut CR (1 R ) acts on φ ∈ Mor CR (M, N ) to give αφ :
Det R preserves the product structure: specifically, for each P and Q in P (R) one has Det R (P ⊕ Q) = Det R (P ) · Det R (Q).
B.d)
If C ′ → C → C ′′ is a short exact sequence of complexes, then there is a canonical isomorphism Det R (C) ∼ = Det R (C ′ ) Det R (C ′′ ) in C R (which we usually take to be an identification). B.e) If C is acyclic, then the quasi-isomorphism 0 → C induces a canonical isomorphism 1 R → Det R (C). (For an explicit description of the first isomorphism see [KM76, §3] .) B.i) If R ′ is another (associative unital noetherian) ring and Y an (R ′ , R)-bimodule that is both finitely generated and projective as an R ′ -module, then the functor Y ⊗ R − : P (R) → P (R ′ ) extends to a commutative diagram
In particular, if R → R ′ is a ring homomorphism and C is in D p (R), then we often simply write Det R (C) R ′ in place of R ′ ⊗ R Det R (C).
